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Abstract 
Garcia, C. and P. Sole. Diameter lower bounds for Waring graphs and mutliloop networks, Discrete 
Mathematics 111 (1993) 257-261. 
We study the diameter of Waring graphs over Z,, where p is a prime, i.e., Cayley graphs on (Z,, +) 
with generators of the mth powers. For fixed degree k and large p, we obtain a lower bound of order 
O(p”““‘), where 4 is Euler’s totient function, An analogous lower bound on the diameter of families 
of circulant graphs of fixed degree and given Z-rank of the generators is given. 
1. Introduction 
The Waring problem is to determine, given an integer m, an integer s such that every 
integer can be expressed as the sum of at most s mth powers. The smallest integer 
s having this property is called the Waring number for power m. 
The aim here is to address this problem over Z,, where p is a prime. Hence, 
we wish to find the Waring number for power m, g(p, m), given a prime p and an 
integer m. 
A Waring graph is a graph whose vertex set is Z,, where p is a prime, and where two 
vertices are adjacent if their difference modulo p is an mth power of an element of Z,. 
Such a graph is denoted by G(p, m). As in [4], we consider the Waring number g(p, m) 
as the diameter of the Waring graph G(p, m). 
In this paper we present a combinatorial lower bound on the diameter of such 
graphs which generalizes nicely to circulant graphs (Cayley graphs over cyclic groups). 
The basic idea is to use integer dependencies between the generators. 
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2. Preliminaries 
Let p and m be given integers, where p is a prime. Suppose further that p is of the 
form 1 + km for some integer k. 
For future use, we introduce, for every divisor j of p- 1, the map @j from Zg into 
itself, which maps x into xj. We can then define the set U,=Im(@,). The Waring 
graph G(p, m) is a directed graph which has vertex and edge sets V and E, defined, 
respectively, by 
v=z, 
E={(x,y):y-x6&,}. 
We need some algebraic lemmas before proving any combinatorial property of this 
graph. 
Lemma 2.1. For any divisor j ofp- 1, we get IKer(@j)l <j. 
Proof. Ker(@J is the set of zeros of the polynomial xk- 1 over the field Z,. 0 
Lemma 2.2. Im(@J c Ker(@,). 
Proof. By Fermat’s little theorem, every element of Z$ satisfies xp-i = 1 and hence, 
xkm=l. cl 
Lemma 2.3. Im(@,)=Ker(@,) and both sets have cardinality equal to k. 
Proof. Factoring the group Z$ by the kernel of the group morphism CD,,,, and applying 
Lemma 2.1 to @,,,, we see that 1 Im(@,,,)l >(p- 1)/m= k. Applying the two preceding 
lemmas yields 1 Im(@,J I< ) Ker(@,) d k. 0 
Lemma 2.4. The degree of G(p, m) is (p- 1)/m. 
Proof. By Lemma 2.3, the cardinality of Um is k. 0 
Lemma 2.5. The Waring graph G(p, m) is connected. 
Proof. Let R denote the subring of Z, generated by U,,,. R is a finite ring without zero 
divisors, and, hence, a field. But Z, has no nontrivial proper subfield. So, R = Z,. 0 
3. A lower bound 
Let w be a primitive kth root of 1 over Z p*. Then, by Lemma 2.3, o is a generator of 
U,. Let PCk) denote the cyclotomic polynomial of order k[l, p. 901. Note that this 
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polynomial is manic, with coefficients in Z. Let d = deg(PCk’(x)). It can be easily shown 
[l, p. 901 that d=d(k) and that PCk’(u)=O. 
Theorem 3.1. For 0 d j< k - 1, it is possible to express oj as a linear combination of 1, 
W, 02, . ..) ud-l, with, signed integers independent of k as coefJicients. 
Proof. Case 1: j< d. 
Trivially, 
d-1 
Oj= C VijWi, 
i=O 
where 
Case 2: j = d. 
Here 
Case 3: j > d. 
Divide xj by PCk)(x) to obtain xj=q(x)P(k)(x)+r(x), where q(x), r(x)~Z[x] 
(because Ptk) is manic) and deg(r(x))<d. Hence, 
cd= q(o)Pk’(o) + r(0) 
=r(o) 
d-l 
for some rijEZ. cl 
Theorem 3.2. Let p and m be integers, where p is a prime. Let p be of the form 1 + km for 
some integer k. Let 4 denote Euler’s totient function. Then 
dp, @a& @i- 1X 
k 
where C, is a constant which depends only on k and where d =4(k). 
Proof. Let QI denote the set of vertices of G(p, m) at distance at most 1 from 0 in V. 
Claim 3.3. 1 Ql) d (2lCk -I- l)d for some constant Ck depending only on k. Then QI # Z, if 
@lck+ lld<p, i.e., ifl<lo=(l/2C,)(fi-1). This means that g(p, m)alo. 
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Proof of Claim 3.3. QI can be described as 
QL= 
where the xi’s are positive integers such that 11 x 11 I = CfZd xi < 1. Using Theorem 3.1, we 
can eliminate the powers of w whose exponents are larger than d and obtain the 
description 
where the hi are signed integers given as 
k-l 
hj= C XiTi,j. 
i=O 
We need to bound the module of the hi to get a bound on ) Q1 I: 
Ihjl~llxlllIlrjllxc, (1) 
where rj=(ro,j, r,,j, . . . . rk-l,j )T. Now I/x 11  < 1 by the first description of Ql and let 
Ck =maxi, j Iri, jl. Then, plugging these two latter bounds into inequality (1) we get 
lhjl < ICk. Since the hj can take at most 21Ck + 1 values, QI contains at most (2lCk + l)d 
elements. 0 
Note that from the standard lower bounds on the diameter of circulant graphs 
[2,6], one would expect a lower bound of order only O(p”k), when we get a lower 
bound of order O(p’ld). 
4. Multiloop networks 
Recall that a circulant digraph is any digraph with vertex set V and edge E of the 
form 
v= Z”, 
E={(x,y):y-XEU) 
for some U G V, called the set of generators. Trivially, such a graph is regular of degree 
I U I. Waring graphs are such graphs with v =p and U = U,,,. An interesting combina- 
torial problem of some interest in multiprocessor systems [2,6] is to find the 
minimum diameter of such a graph with given degree and diameter. We can generalize 
the Theorem 3.2 to the following ~ rather abstract - situation. 
Theorem 4.1. Let r(n, A) denote a family of circulant digraphs such that its generators 
can be expressed, in terms of coeficients independent of A, as linear combinations of r of 
them. Then the diameter of this family of graphs is fl(nlir). 
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Proof. The proof is analogous to that of Theorem 3.2, which is the special case of 
n=p,r=d. 0 
The difficulty in applying this theorem lies in the existence of r. For instance, 
consider the circulant graphs on n vertices with generators { fa, f b, &-(a+ b)} 
(cf. [7, p. 1631). Then Theorem 3.2 with r = 2 yields a lower bound on the diameter of 
order & instead of 5, as one would expect from [6]. This is consistent with the 
results of [7]. 
5. Conclusion 
The lower bound we gave on g(p, WI) shows that Waring graphs are not circulant 
graphs-also called multiloop networks by computer scientists [2]-with the smallest 
diameter for given degree and number of vertices. The nature of the proof shows the 
interest of using generators that are linearly independent over Z. 
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